In this Supplementary material, the results using PBE method and relevant dissussion are represented. They may be helpful for understanding the results of PBE+SOC method in main te xt.
valence band is green shaded in the band structure and density of states. The band gap is dep icted by red range.
The electronic structure of bismuthene tuned by in-layer biaxial strain
The in-layer biaxial strain  is expressed as  = (a-a 0 )/a 0 , where a 0 is the lattice constant of the free b-bismuthene. Fig. S2 presents four typical strain-tuned b-bismuthenes via PBE method. Under the +5% tensile strain, the band structure maintains the direct gap character with E g = 0.48 eV. It is necessary to point out that the lower energy band near the VBM rises obviously, whereby the character of the frontier states transforms -like into +-like mixing bonds. This transition is slightly different from the buckled arsenene in which +5% tensile strain has an entirely -like character of the frontier states. 10 Compared to the tensile strain, b-bismuthene becomes an indirect band gap semiconductor with a 0.31 eV decrease of band gap under the -5% compression strain, since the CBM changes from the  high symmetry point to the halfway of -M direction. Actually, the direct-indirect transition has emerged at the compressed strain added up to -3%. There is an attention that the dispersion of VBM with the -like bond is stronger than that of free b-bismuthene.
It is quite natural that the space of the bilayer is stretched and compressed by applying tensile and compressed strain, respectively, and thus the charge overlap altered in the space results in stronger -like and weaker -like bonds. Further increasing the tensile strain up to +10%, b-bismuthene is gapless with the VBM and CBM degenerate at the  high symmetry point, forming a semimetallic phase. This transition is obtained by a -7% compressive strain as well. These variations of the band structure of b-bismuthene in response to the in-layer biaxial strain e are similar to those of b-arsenene and b-antimonene. 5, 6, 10 The band gap of b-bismuthene as a function of in-layer strain  under PBE level is presented in Fig. S3 . The discussed strain range -10% ≤ ≤+10% is relatively feasible in experiment. It is suggested clearly that the band gap decreases monotonically with the  increasing, exhibiting a ''-like shape. The variation of band gap is relative smaller at -3% ≤ ≤+5%, whereas it has a rapid reduction beyond -3% and 5% strains. The semiconducting-metallic transition emerges at  = -7%
and +10% and the direct-indirect transition is only induced at  = -3%. We also discuss high tensile strains > +10% using PBE method. As depicted in Fig.   S4 (a), it is found that, interestingly, the band structure along the K-direction shows Dirac-type dispersion near the Fer mi level for ming a nove l Dirac cone, while the band opens a gap along the -M directio n. The opened gap is 48 and 264 meV with  = +15% and +20%, respective ly. With the  increasing, the Dirac cone move towards the K high symmetr y point and the opened gap gradually increases. The orbital projection analysis suggests that the Dirac cone is derived from the p z orbital primar ily, this is re miniscent of graphene. In fact, the  added up to a larger value will cause an evidently structural phase defor mation. The symmetry group has been changed fro m C 2/M to P-3M1 with free b-bismuthene strained by +15% and +20%. This symmetry variatio n produces the Dirac cone along the high symmetry lines. 11 At the same time, the lone pair of electrons forming -type band consisted of p z orbital displays a unique Dirac cone near the Fermi leve l. Of course, the higher tensile strain is diffic ult to realize in experime nt. We do not find similar Dirac-type dispersion at the same  includ ing SOC, whic h can be attributed to the band splitting ind uced by strong SOC. As seen in Fig. S4(b) ,the phonon dispersion spectrums confir m that b-bis muthe ne can ma intain dyna mic stability even at  = +15%. Robust stability is conductive to investigating the electronic properties of bis muthene at high tensile strain. applying +15% and +20% in-layer tensile strains under PBE leve l.
Bilayer bismuthene affected by interlayer distance
The optimized AA-stacking bilayer b-bismuthene under PBE level is presented in Fig. S5(a) represent metallic, indirect, and direct character, respectively.
Single and bilayer bismuthene tuned by electric field
In the b-bismuthene, the existence of buckling gives rise to a potential difference between two atomic layers, which turns out to be possible to provide an intrinsic advantage in tuning the electronic structure in terms of a perpendicular electric field. 12 The electric field applying to single and bilayer b-bismuthene is also a reasonable method to mimic the interfacial charge transfer effect when the single and bilayer b-bismuthene grow on appropriate substrate. 13 We perform the calculations with the strength of electric field ranging from -0.60 to 0.60eV/Å. When the external
